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Let A = {a,, az, . . . , ak} be a k-set of mutually orthogonal tables and let (u, u) be a pair of 
orthogonal tables. Then B = {b,, b,, . , bk} where bi(x, y) = a,(u(x, y), v(x, y)), for i = 
1, 2, . , k, is a k-set of mutually orthogonal tables called a conjugate of A. The set of all 
conjugates equal to the original set forms a group. This group is isomorphic to a subgroup of S, 
which we call the array stabilizer. It is shown that if a subgroup H of S, acts as the array 
stabilizer for a k-set of mutually orthogonal tables, then the order of H is a divisor of k(k - 1). 
In the case where the set of mutually orthogonal tables contains five tables the necessary 
conditions are shown to be also sufficient. 
1. Introduction 
In [2] Evans and France1 extended the notion of a conjugate of a latin square to 
that of a conjugate of a set of mutually orthogonal tables. They showed that the 
set of conjugates that map an augmented set of tables into itself forms a group, 
called the stabilizer, and that each element of this group consists of a pair of 
tables from the original set. Further, they showed how to construct, for each set 
of mutually orthogonal tables, a subgroup of permutations, called the array 
stabilizer, isomorphic to the original stabilizer. 
In this paper we describe the cycle structure of the elements of the array 
stabilizer and show that the order of the stabilizer of a set of mutually orthogonal 
tables must divide k(k - l), where k is the number of tables in the set of mutually 
orthogonal tables. We then use these results to analyze the case where the set 
consists of five tables (i.e. three mutually orthogonal latin squares). 
In [4] Lindner and Mendelsohn extended the notion of a conjugate of a 
quasigroup to that of a conjugate of an n* x 4 orthogonal array. In [5] Lindner, 
Mullin, and Hoffman exhibited the spectra for the conjugate invariant subgroups 
of n* x 4 orthogonal arrays. Their work, although different from ours, is related 
to the five case analysis presented in this paper. For the exact connection between 
the two ideas see 121. 
2. Preliminaries 
Throughout this paper iV will denote the set of integers (1, 2, . . . , n}, and B 
the set of all binary operations a : (x, y) + a(x, y), for X, y E ZV. (Note that each 
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binary operation a can be thought of as an n x n array having a@, y) in its 
xth-row, yth-column.) Further, p1 and p2 will represent the projection operations 
given by pl(x, y) =x, and p2(x, y) = y, for x, y E N. 
For the sake of the reader, we reproduce from [2] some definitions, theorems, 
and notation associated with stabilizers of sets of orthogonal tables. 
Let [, ,] be a ternary clone operation on B such that [a, b, c] : (x, y)-+ 
a(b(x, y), c(x, y)), for a, b, c E B and x, y EN. 
Theorem 2.1. Zf a, b, c, d, e E B, then [a, pl, p2] = a, [pl, a, b] = a, [p2, a, b] = 
b, und [[u, b, cl, d, el = [u, [b, d, el, [c, d, ell. 
Let * be a binary operation on B x B such that (a, b)*(c, d)= 
([u, c, dl, [b, c, dl), for (u, b), (c, d) E B x B. 
It is clear that * is a monoid operation on B x B with neutral element (pl, p2) 
(Theorem 2.1). Throughout the paper M will denote the monoid (B x B, *) and 
G the subgroup of all invertible elements of M. 
Definition 2.2. Two tables, al, a, in B, are orthogonal if the mapping, 
(x, y)+ (al+, y), u2(x, y)), for x, y E N, is a bijection. 
Lemma 2.3. The tables Ui, Uj in B are orthogonal tables if and only if (a,, uj) E G. 
Definition 2.4. A subset {a,, u2, . . . , uk} of B is orthogonal if and only if ui and 
Uj are orthogonal for i #j. 
If a subset A of B is orthogonal we call A a set of mutually orthogonal tables. If 
each table in A is a latin square we call A a set of mutually orthogonal latin 
squares (mols). If p1 and p2 are elements of A we call A an augmented set of 
mutually orthogonal latin squares or an augmented set of mols. 
Lemma 2.5. Let A = {aI, u2, . . . , uk} be a k-set of mutually orthogonal tables of 
B, and let (u, v) E G. Then the set A’ = {a;, a;, . . . , a;} where ai = [uj, u, v], for 
i= 1,2,. . . , k, is also a k-set of mutually orthogonal tables of B. 
A’ is called a conjugate of A, and is denoted by A(u, v). 
Lemma 2.6. Every k-set of mutually orthogonal tables of B is conjugate to an 
augmented k-set of mols of B. 
Definition 2.7. If A is a set of mutually orthogonal tables of B, then the stabilizer 
of A, denoted by Stub A, is the subset of G consisting of all (u, v) in G such that 
A(u, v) =A. 
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Theorem 2.8. Zf A is a set of mutually orthogonal tables of B, then Stab A is a 
group. 
Lemma 2.9. Zf A = {aI, a*, . . . , ak} is an augmented k-set of mols of B, then 
every element of Stab A is of the form (ai, aj) where i fj. 
Definition 2.10. If A = {aI, a2, . . . , ak} is an augmented k-set of mutually 
orthogonal tables of B, and (u, v) is in Stab A, define a permutation (Y(u, v) 
on {1,2,. . . , k} as follows: for i = 1, 2, . . . , k, ia(u, v) = j if and only if 
fZj = [ai, u, V]. 
Theorem 2.11. The set of all o(u, v) defined above is a permutation group on 
(19% * f * , k} isomorphic to Stab A. We call this group the array stabilizer of A, 
and denote it by Array Stab A. 
Theorem 2.12. Zf A and C are conjugate sets of mutually orthogonal tables of B, 
then Array Stab A = Array Stab C. 
3. The order of the stabilizer of a set of mutually orthogonal tables 
Theorem 3.1. Zf A = {a,, a2, . . . , ak} is a set of mutually orthogonal tables and 
a(u, v) is an element of Array Stab A, then: 
(1) either a(~, v) is the identity permutation or a(u, v) fixes at most one of 
1,2, . . . , k; 
(2) the non-trivial cycles of a(u, v) are all the same length. 
Proof. (1) Assume e(u, v) is an element of Array Stab A such that there exists 
i #j in (1, 2, . . . , k} with ai = aiE(U,V) and aj =aia(U,V). Then (ai, aj) = 
([a,, 4 v], [aj, U, VI) = (ai, aj)*(U, V), and this implies (pl, p2) = (u, v) (Lemma 
2.3). 
(2) Next assume ~(u, v) = /3rp2 * - * p,p, where p is a product of trivial cycles, 
each Pi is a non-trivial cycle, and for i #j, Bi and /lj are disjoint. Let m be the 
length of the shortest non-trivial cycle. Since Array Stab A is a group, the mth 
power of cu(u, v) is an element of Array Stab A. But since m is the length of some 
&, the mth power of (Y(u, v) fixes at least two elements of (1, 2, . . . , k}. Thus, 
using part (l), we conclude that the mth power of a(u, v) is the identity 
permutation. Since m was minimum, this implies all the non-trivial cycles of 
a(u, v) must have the same length. 0 
Corollary 3.2. Let A be an augmented k-set of mutually orthogonal tables of B. Zf 
(Y is an element of Array Stab A, then a is the identity, or the order of CY divides k 
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and (Y has no fixed points, or the order of cr divides k - 1 and (Y has exactly one 
fixed point. 
Proof. Follows directly from Theorem 3.1. 0 
Since elements of the stabilizer of an agumented k-set of orthogonal tables are 
ordered pairs of tables from the set itself (Lemma 2.9), the order of the stabilizer 
must be less than or equal to k(k - 1). We show that in fact the order of the 
stabilizer is actually a divisor of k(k - 1). 
Theorem 3.3. The order of the array stabilizer of a k-set of mutually orthogonal 
tables is a divisor of k(k - 1). 
Proof. We proceed by induction on k. 
(1) Assume k = 3. 
In [l] Evans showed that having a 3-set of mutually orthogonal tables is 
equivalent to having one quasigroup. In [6] Lindner and Steedley showed that the 
number of distinct conjugate operations of a quasigroup is a divisor of 
6 = 3(3 - 1). 
(2) Assume that the order of the stabilizer of an augmented q-set of 
orthogonal tables divides q(q - l), for all q such that 3 G q < k. 
Let A be a k-set of mutually orthogonal tables and let pS be the largest power 
of the prime p that divides the order of the array stabilizer of A. Then 
Array Stab A contains a p-Sylow subgroup, H, of order p’. Define: Oi = {m E 
(172, * . . 3 k}I3mEH with ia=m}, Si={aEH)im=i} and Kij={aE 
H)icu=j}, fori,je{1,2,. . .,k}. 
Claim 1. IKijl = 0 or IKijl = ISil. 
Proof of Claim 1. Assume IKijl# 0, and let p E Kij and Si = {(~i, . . . , a,,,}. The 
set {a$, . . . , mm/?} is contained in Kij since iLy$ = (i(u,)p = i/3 = j. Also, if 
KJ? = cQ, then %, = trq,p/P = cq,/3/3-’ = Qb*. Hence, ~&If ~yq$? for q1 # 
q2, SO that ISi] G IKijl. 
NOW assume Kij = {rI, . . . , ym}; then the set {yiy;i, . . . , ymyll} is contained 
in Si since iy4y;’ = (iy,)y;’ =iy;’ = i. Also, clearly a;~;’ # ajaT1, for cui # “j. 
Hence IKijl c ISil. 
Therefore ISi1 = IKijl. 
Claim 2. Zf p divides k, then lO,( =p’. 
Proof of Claim 2. No non-trival permutation of H has a fixed point (Corollary 
3.2). Thus, lSi] = 1. The result then follows since, using Claim 1, we get 
(IOiO(IZI) = WI =P’. 
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Claim 3. If p divides k - 1, then IOil = p’/~~(~), where prCi) is a divisor of k - 1. 
Proof of Claim 3. Since i is fixed by each element of Si, Si is contained in the 
array stabilizer of A - {ai}. Thhs the induction hypothesis tells us that the order 
of Si is prCi), where p r(i) divides k - 1. As above, the results then follows, since 
(l”ilNlsil) = IHI =P’* 
Claim 4. Zf pS is the largest power of the prime p that divides the order of 
array stab A, then pS divides k(k - 1). 
Proof of Claim 4. 
Case 1. Let p be a divisor of k. Assume there exists t distinct Oi. From Claim 2 
we know that each Oi has order p’; thus k = t(p”), and it follows that pS divides k. 
Case 2. Let p be a divisor of k - 1. Assume there exist t distinct Oi and that they 
are represented by Or, 4, . . . , 0,. 
Using Claim 3 we obtain 
P”lP r(l) +pS/p’(2) + . . . + pS/p’@) = k. 
This implies that pS divides k (max(p”‘))). Thus, since p is a divisor of k - 1 
and hence not k, p” must divide max(p’(‘)). This implies s is less than max(r(i)), 
which implies that pS divides k - 1 (Claim 3). 
The result now follows. 0 
Corollary 3.4. The order of the stabilizer of a k-set of mutually orthogonal tables 
is a divhor of k(k - 1). 
Proof. This follows from Theorem 3.3 and Theorem 2.11. 0 
4. The spectrum of a possible stablizer 
Let H be a subgroup of the symmetric group S, such that the order of H divides 
k(k - l), each element of H fixes at most one element of {1,2, . . . , k}, and the 
non-trivial cycles of each element of H are all of the same length. Then H satisfies 
the necessary conditions for being an array stabilizer of an orthogonal k-set of 
tables (Theorem 3.1 and Theorem 3.3). (Note that nowhere in the necessary 
conditions is any mention made of n, the order of the underlying set of the 
orthogonal tables.) 
Definition 4.1. The spectrum of H is the set of all positive integers it such that 
there exists a k-set of mutually orthogonal tables on (1, 2, . . . , n} with array 
stabilizer H. 
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Below we show that if two subgroups of Sk are conjugate, then they have 
exactly the same spectrum. This result is most useful when trying to solve the 
following problem: Find the spectrum of each subset of Sk. The theorem reduces 
the problem to finding the spectrum for only one group from each conjugate 
class. 
Theorem 4.2. Let A = {aI =pl, a2 =p2, . . . , ak} be an augmented set of mutually 
orthogonal tables of B with array stabilizer H, (Y an element of S,, and A’ the set 
{b,, bz, . . . > bk}. If for i = 1, 2, . . . , k, b, = [uin-l, (Q-I, u~~-I)-~], then A’ is an 
augmented set of mols with array stabilizer 6’Ha. 
Proof. For simplicty of notation throughout the proof we will use y to denote 
-1 (Y . 
Lemmas 2.3 and 2.5 let us conclude that A’ is a set of mutally orthogonal 
tables. Also, using the definition of (a,,, u,,)-~, we see that bI = 
[%? @I,, CZ~~)-~] =pl, and b2= [uzy, (al,, u~~)-~] =p2. Hence, A’ is an aug- 
mented set of mols. 
Assume p is an element of the array stabilizer of A, then for i = 1, 2, . . . , k, 
aif3 = [ai, al/3, azS]. Also note that 
Pi, sly, a24 = [biy, @I,, a2J11, 4y, a2,l = aiy 
Hence, for i = 1, 2, . . . , k, 
[bi, blyont b2yonl= [bi, [~I,B, (sly, a2y)-‘l, [a2yg, (sly, a2y)-‘ll 
= [[bi, aly,~ a~yol7 (a~,, ~2y)-~l 
= Wi> buy> ~16, ~z,vl> bzy, alo> azpll, hy, a~,)-‘1 
= [[[bi, alp azyl, alp, azfll, hy, a2J11 
= [L”iyt @lp, a2pl~ CaIy9 u2y)-11 
= ki#, (a*,, Q2J11 
= biyow 
Thus, (u-‘@ is an element of the array stabilizer of A’, so that CIHa is a 
subgroup of the array stabilizer of A’. 
Now 
(bl,, bzn) = ([a~, (a,,, a2J11, 1~2, (a~,, a~,)-‘I) 
= (a,, a21 *(al),, a2J1 
= (a ly, a2J’. 
Hence, for i = 1, 2, . . . , k, 
[bi,, (b,,, bzJ1l = [[a,, (a~,, azy)-‘I, sly, a,,1 = ai. 
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Thus, in a proof similar to the one above, we can show that cu(array stab A')&-' 
is a subgroup of Array Stab A (i.e. Array Stab A’ is a subgroup of CY-~HCX). 
Therefore, Array Stab A’ = a-‘Ha. 0 
5. The five case 
We now use the results of the previous sections to analyze the case where the 
augmented set of mols contains five tables. We first find all subgroups of S, that 
can act as array stabilizer for some 5-set of mutually orthogonal tables and then 
exhibit for each such group H, an infinite class of augmented 5-sets of mols, such 
that each element in the class has as its array stabilizer H. 
From Theorem 3.3 we know that the order of the array stabilizer of a 5-set of 
mutually orthogonal tables must divide 5(5 - 1) = 20, and from Theorem 3.1 we 
know that each array stabilizer element has form: (l), (ij)(kl), (ijkl), or (ijklm). 
Using these two facts and standard group theory results we get: 
Theorem 5.1. Zf H, a subgroup of S,, acts as the array stabilizer for some 5-set of 
mutually orthogonal tables, then H is one of: 
(1) w7 
(2) ( WW) = G, 
(3) ((ijkl)) = Cd, 
(4) ((Wm)) = CS, 
(5) ((WO, (ik)W (il)W)) = &, 
(6) ((ijklm), (ij)(km)) = DS, or 
(7) ((ijklm), (ikjm)) = N(G). 
Let A = {pI, p2, a3, . . . , ak} be an augmented k-set of mols. If (u, V) E 
Stab A, then aI,, = [aI, u, IJ] = [pI, u, IJ] = u, and a2n= [a2, u, v] = [p2, u, IJ] = v. 
Hence, for i = 1, 2, . . . , k, ai, = [ai, u, v] = [aj, aI,, a2J. This implies that the 
class of augmented k-sets of mols with the same array stabilizer is characterized 
by a finite set of two-variable latin square identities and a finite set of restrictions. 
(The restrictions are needed since the possible array stabilizers form a poset.) We 
first look at the identities. In each case there exists a subset of the original set of 
identities such that if an augmented set of mols satisfies the identities of the 
subset it satisfies the identities of the original set. We call such a subset a 
generating set of identities. 
Below we show a generating set of identities for each of the groups of Theorem 
5.1 that will be used in building models. For convenience of notation we denote 
a&, Y) by x *i Y. 
Lemma 5.2. Let A = {pl, p2, a3, a4, aS} be an augmented 5-set of mols. 
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Case 1. If array stab A = ((12)(ij)), then 
X*jY=Y*iX, and X */‘y =y *kx. 
Case 2. If array stab A = (( li)(2j)), then 
X=(X*iY)*i(X*jY), and x*ky=(x*iy)*k(x*jy). 
Case 3. If array stab A = ((li)(jk)), then 
x*jY=(x*iY)*kYr and x=(x*;y)*;y. 
Case 4. If array stab A = ((2i)(jk)), then 
x*jy=x*k(x*iy), and Y=x*;(x*;~). 
Cme 5. If array stab A = (( li2j)), then 
X*jY=_V*iX, ~*ky=y*kx=(x*iy)*k(y*ix), 
and 
Y = (X *i Y) *i (Y *ix)- 
Case 6. If array stab A = ((12ijk)), then 
X *j Y = Y *i (x *i _Y), X *k Y = (X *; Y) *; (Y *; (X *; Y)), 
and 
X = (Y *; (X *; Y)) *i ((x *i Y) *i (Y *i Cx *i Y )))* 
Care 7. If array stab A = ((12ijk), (12)(ik)), then 
X *j y = y *i (X *i y) = X *i (_Y *i X), 
x *k y = (x *i y ) *i (y *i (x *i y )) = y *i x, 
and 
x = (Y *i tx *i Y )I *i (Y *i x). 
Case 8. If array stab A = ((12ijk), (li2k)), then 
x*jy=y*i(x*;y)=x*;(y*;x)=(x*;y)*ix, 
x *k Y = (x *i Y) *i (Y *i (x *i y)) = (Y *ix)> 
and 
X = (y *i (X *i y)) *i (y *j X) = (y *i x) *i (x *i y). 
Case 9. If arraystabA = ((12)(ij), (li)(2j)), then 
X*jY=Y*iX, x*ky=y*kx=(x*iy)*k(y*ix), 
and 
X = (X *i y) *j (y *i X). 
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Now that we have the generating identities associated with possible array 
stabilizers it is easy to describe how to find the needed restrictions. Each 
restriction is a statement hat not all the identities of a particular set are satisfied. 
These sets can be deduced from Fig. 1. For a given array stabilizer take, for each 
group directly above it in Fig. 1, a generating set of identities for that group. The 
restriction is simply that at least one of the identities of the generating set is not 
satisfied. 
Fig. 1 gives the subgroup hierarchy for the possible array stabilizers of a 5-set 
of mutually orthogonal tables. 
We conclude our analysis of the five case by showing that each of the groups 
found in Theorem 5.1 has an infinite spectrum. Lemma 2.6 and Theorem 2.12 
together tell us that without loss of generality we need only build models from 
augmented 5-sets of mols, and Theorem 4.2 tells us we need only look at one 
group from each conjugate class. 
Case 1. IV(&) = ((ijklm), (ikjm)). 
This is the special case, presented in [2], where the array stabilizer has the 
largest order possible. As shown in [2], there exists an augmented set of mols 
with array stabilizer ((ijklm), (ikjm)) if and only if there exists a Steiner(2,5) 
system of order n. In [3] Hanani showed that a Steiner(2,5) system of order II 
exists if and only if n = 1 or 5 (mod 20). Thus, it follows that: 
Theorem 5.3. The spectrum of ((ijklm), (ikjm)) is the set of all n such that n = 1 
or 5 (mod 20). 
Case 2. DS = ((12ijk), (12)(ik)). 
We look at the spectrum of ((12345), (12)(35)). 
The only subgroup of S, that contains ((12345), (12)(35)) and can act as an 
array stabilizer is ((12345), (1325)) (Fig. 1). Thus, if we find A, an agumented 
5-set of mols of order n where n + 1 or 5 (mod 20), such that ((12345), (12)(35)) 
is contained in the stabilizer of A, then Array Stab A = ((12345), (12)(35)). 
Lemma 5.4. There exists an augmented 5-set of mols of order 4 with array 
stabilizer ((12345), (12)(35)). 
5 c, K, P I/ 
c, c* 
\I 
((1)) 
Fig. 1. 
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Proof. Let F = GF(2)(A), w ereA.isarootof?+x+l=O.TheorderofFis h 
four. Define: a&, y) = x + ily, a&, y) = AX + Ay, and a&, y) = h + y, for 
X, y E F. The set A = {pI, pz, a3, u4, as} is an augmented 5-set of mols that 
satisfies the identities of Lemma 5.2, Case 7. Hence, since n + 1 or 5 (mod 20), 
Array Stab A = {(12345), (12)(35)). Cl 
Now use the direct product construction to get: 
Theorem 5.5. Zf n is a power of 4, then n is an element of the spectrum of 
((12345), (12)(35) >. 
Case 3. ((ijkl)). 
We look at the spectrum of ((1324)). 
Theorem 5.6. Zf n is an element of the spectrum of ((1324)), then n = 0 or 1 
(mod 4). 
Proof. Let A = {pI, p2, u3, a4, aS} b e an augmented set of mols with array 
stabilizer ((1324)(5)). Th en clearly A’ = {pi, p2, u3, a4} is an augmented set of 
mols such that ((1324)) is a subgroup of Array Stab A’. In [5] it is shown that this 
implies that n = 0 or 1 (mod 4). 0 
We next show that the spectrum of ((1324)) contains the spectrum of 
((12354), (1324)). To do this we use a construction refered to as the replacement 
construction. This construction has been used by numerous authors, (for example 
[7]). It works as follows: Let Q = (1, 2, . . , q}, and let Q’ be a subset of Q. 
Assume A = {aI, u2, . . . , a,} is a set of mutually orthogonal tables defined on Q 
such that each ai restricted to Q’ is a subtable of ai. Also, assume A’ = 
{ a;, ai, . . . , a:} is a set of mutually orthogonal tables on Q’. If we take the 
above mentioned subtables A and replace them by the corresponding tables of 
A’, it is straighforward to check that we still have a set of mutually orthogonal 
tables. Also, if both A and A’ satisfy an identity of the form [ai, Uj, ak](x, y) = 
a&, y), then the new set of tables also satisfies this identity. 
Lemma 5.7. There exists an augmented set of mols of order 5 with array stabilizer 
((1324)). 
Proof. Define: u3(x, y) = 2~ + 4y (mod 5), a,(.~, y) = 4x + 2y (mod 5), and 
a5(x, y) =x +y (mod 5), for x, y E Zs. The set A = {pI, p2, u3, u4, as} is an 
augmented 5-set of mols that satisfies the identities of Lemma 5.2, Case 5. 
Hence, ((1324)) is contained in Array Stab A. 
From Fig. 1 we see that the only array stabilizer that can contain ((1324)) 
is ((12354), (1324)). But Y *3 (x *3 Y) =+x *s Y, and y*,(~*~y)#x*~y. 
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Thus, Array Stab A # ((12354) (1324)) (L emma 5.2, Case 8) and hence 
Array Stab A = ((1324)). 0 
Theorem 5.8. Zf n = 1 or 5 (mod 20), then n is an element of the spectrum of 
((1324)). 
Proof. For n = 1 or 5 (mod 20) use the construction of [2] to get an augmented 
5-set of mols of order n, such that each table contains a subtable on { 1,2,3,4,5}. 
Now apply the replacement construction to this set and the 5-set of mols given in 
Lemma 5.7. q 
We extend our knowledge of the spectrum even further using the following well 
known variety result. 
Theorem 5.9. Let V be a variety of idempotent algebras (i.e. a(x, x) = x) which is 
based on two-variable identities. Zf there are models of V of orders k,, k,, . . . , k, 
and if there is a pairwise balanced block design with A = 1, order v, and blocks of 
sizes kI, kZ, . . . , k,, then there is a model of V of order v. 
The needed block designs will come from a theorem of R.M. Wilson found 
in [8]. 
Theorem 5.10. Assume K = {k,, kZ, . . . , k,} is a set of positive integers. Let 
a(K) = g.c.d.{k(k - 1) 1 k E K} and /3(K) = g.c.d.{k - 1 1 k E K}. Then there is 
an integer v,, such that if v 2 vo, v(v - 1) = 0 (mod a(K)), and v - 1 =O 
(mod /3(K)), then there is a pairwise balanced block design with A = 1, order v, 
and block sizes kI, k2, . . . , k,. 
Lemma 5.11. The integers 13 and 17 are elements of the spectrum of ((1324)). 
Proof. Define: a3(x, y) = 3x + lly (mod 13), a&, y) = 11x + 3y (mod 13), and 
a5(x, y) = 7x + 7y (mod 13), for x, y E 2r3. The set A = {pl, p2, a3, a4, a5} is an 
augmented 5-set of mols that satisfies the identities of Lemma 5.2, Case 5. Thus, 
((1324)) is contained in Array Stab A. The only possible array stabilizer that 
contains ((1324)) is ((12354), (1324))) and 13 is not in its spectrum (Theorem 
5.3). Hence, Array Stab A = ((1324)). 
Next define: a3(x, y) = 7x + lly (mod 17), a4(x, y) = 11x + 7y (mod 17), and 
as(x, y) = 9x + 9y (mod 17), for x, y E Zi7. In an argument similar to the one 
above we can show that if A = {p1,p2, a3, a4, as}, then Array StabA = 
((1324)). 0 
Now use Wilson’s Theorem. Let K = (13, 17). Then a(K) =g.c.d.{k(k - 
1) 1 k E K} = 4, and /3(K) = g.c.d.{k - 1 1 k E K} = 4. Hence, there is an integer 
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v0 such that if v 2 v0 and v = 1 (mod 4), then there exists a pairwise balanced 
block design with A. = 1, order v, and block sizes 13 and 17. 
Theorem 5.12. For every v defined above, v is an element of the spectrum of 
((1324)). 
Proof. Direct, using Lemma 5.11 and “The Wilson Theorem” construction. 0 
Case 4. K4 = ((ij)(kl), (ik)(jl)). 
We look at the spectrum of ((12)(ij), (li)(2j)). 
Theorem 5.13. Zf n is an element of the spectrum of ((12)(ij), (li)(2j)), then n = 0 
or 1 (mod 4). 
Proof. Let A = {pl, p2, a3, a4, a5} be an augmented set of mols with array 
stabilizer ((12)(ij)(5), (li)(2j)(5)). Th en clearly A’ = {p,, p2, a3, a4} is an aug- 
mented set of mols such that ((12)(ij), (li)(2j)) is a subgroup of Array Stab A'. 
In [5] it is shown that this implies n = 0 or 1 (mod 4). Cl 
We see from Fig. 1 that no array stabilizer contains a K4. Thus, if K4 is 
contained in the array stabilizer of an augmented set of mols it must be the case 
that the array stabilizer is K4. 
Theorem 5.14. If r 3 2, then 2 is an element of the spectrum of 
((12)(ij), (li)(2j) >. 
Proof. Let F = GF(2’), where r 2 2, and let A be an element of F not equal to 0 
or 1. Define: a&, y) = (A + 1)x + Ay, a4(x, y) = Ax + (A + l)y, and a5(x, y) = 
x + y, for X, y E F. 
The set A = {pl, p2, a3, a4, a5} is an augmented 5-set of mols that satisfies the 
identities of Lemma 5.2, Case 9. Hence, Array Stab A = ((12)(34), (13)(24)). Cl 
Case 5. C5 = ((12ijk)). 
We look at the spectrum of ((12345)). 
Lemma 5.15. Zf a(x, y) =xy is a Latin square such that a(y, xy) and a(xy, 
a(y, xy)) are latin squares, and a satisfies the identity x = (y(xy))(xy(y(xy))), 
then A = {pl, PZ, a3 = a(x, Y), a4 = a(y, xy), a5 = a(xy, a(y, XY))} zh an aug- 
mented set of mols with ((12ijk)) a subgroup of Array Stab A. 
Proof. The tables a3 and a4 are orthogonal tables since 
a,(y(xy), XY(Y(XY))) = (Y(xY))(xY(Y(xY))) =x and 
a4Wyh XY(Y(XY))) = (xy(y(x~)>)((y(x~))(X~(x~)))) =y. 
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The tables a4 and a5 are orthogonal tables since 
&Y, Y(XY)) = (Y(~~,))(xY(Y(~Y))) =x, and 
a&Y, YGY)) = (XY(Y(XY)))((Y(XY))(XY(Y(XY)))) =Y. 
Also, since a is a latin square, there exists a unique f such that xt =y. 
Thus, a,(t(xt), xt(t(xt))) = (t(xt))(xt(t(xt))) = x, and as(t(xt), xt(t(xt))) = 
x((xt(t(xt)))x) =xt =y, which implies that a3 and a5 are orthogonal tables. 
Hence, A is an augmented set of mols. Clearly Array Stab A contains ((12ijk)) 
(Lemma 5.2, Case 6). 0 
Lemma 5.16. The integers 11 and 31 are elements of the spectrum of ((12345)). 
Proof. Let a(x, y) = 8x + 4y (mod 11). Note that (y(xy))(xy(y(xy))) =x. Define: 
u3(x, y) = &t: + 4y (mod ll), a&, y) = 10x + 2y (mod ll), and u5(x, y) = 5x + 7y 
(mod ll), for x, y E ZII. Then A is an augmented 5-set of mols such that 
((12345)) is contained in array stab A (Lemma 5.15). If Array Stab A # 
((12345)), then it must contain ((12345), (12)(35)) (Fig. 1). But this implies a4 is 
commutative (Lemma 5.2, Case 1). It is easy to see no ui is commutative. Thus, 
Array Stab A = (( 12345)). 
Next let a(x, y) = 29x + 3y (mod 31). Define a,(~, y) = 29x + 3y (mod 31), 
a,(~, y) = 25x + 7y (mod 31), and a5(x, y) = 17x + 15y (mod 31), for x, y E Z,, . 
Again, (y(xy))(xy(y(xy)) =x. Thus, by an argument similar to the one given 
above, we get Array Stab A = ((12345)). 0 
Let K = (11, 31). Then a(K) = g.c.d.{k(k - 1) 1 k E K} = 10, and /3(K) = 
g.c.d.{k - 1 1 k E K} = 10. Hence, there is an integer v0 such that if ZI 2 u,, and 
v = 1 (mod lo), then there is a pairwise balanced block design with I. = 1, order 
v, and blocks sizes 11 and 31. 
Theorem 5.17. For every v defined above, v is an element of the spectrum of 
((12345)). 
Proof. Use Lemma 5.16 along with “The Wilson Theorem” construction. 0 
Case 6. ((ij)(kl)). 
We look at the spectrum of (( 12)(34)). 
Lemma 5.18. If p is a prime greater than three, then there exits an augmented 5-set 
of mofs of order p with array stabilizer ((12)(34)). 
Proof. Assume p is a prime greater than three. Define: &x, y) =2x + 
y (modp), a4(x, y) = x + 2y (modp), and a&, y) =x + y (mdp), for x9 Y E Z,. 
The set A = {PI, ~2, 4, 4, as} is an augmented 5-set of mols that satisfies the 
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identities of Lemma 5.2, Case 1. If ((12)(34)) is not the array stabilizer of A, then 
the array stabilizer must contain D5 = ((12i5j), (12)(34)) or ((1324))) or will be 
((12)(34), (13)(24)) (Fig. 0 
If Array Stab A contains ((12i5j), (12)(34)), then y *i (X *i y) =x *s y, where 
i = 3 or 4 (Lemma 5.2, Case 7). But y *3 (X *3 y) f x *5 y, and y *4 (X *4 y) f x *5 y. 
Thus, Array Stab A does not contain ((12i5j), (12)(34)). 
If Array Stab A contains ( (1324))) then x *5 y = (X *i y ) *5 (y *i x), where i = 3 or 4 
(Lemma5.2, Case 5). But (x *3 y) *5 (y *3 x) fx *5 y and (X *4 y) *5 (y *4 X) fx *5 y. 
Thus, Array Stab A does not contain ((1324)). 
If Array Stab A = ((12)(34), (13)(24)), then a3 or a4 satisfies the identity 
x = (xy)(yx) (Lemma 5.2, Case 9). But 5x + 4y fx. Thus, Array Stab A is not 
((12)(34), (13)(24)). 
Hence, Array Stab A = ((12)(34)). 0 
Lemma 5.19. There exists an augmented 5-set of mols, of order 4, with array 
stabilizer ((12)(34)). 
Proof. Let F = GF(%)(A), where A. is a root of x2 +x + 1 = 0. The order of F 
is four. Define: u3(x, y) = hx +y, a4(x, y) =x + ny, and u5(x, y) =x +y, for 
x,y~F. 
The set A = {pI, p2, u3, u4, as} is an augmented 5-set of mols that satisfies the 
identities of Lemma 5.2, Case 1. If the array stabilizer of A is not ((12)(34)), 
then it must contain ((12i5j), (12)(34)) or ((1324)), or it will be 
((12)(34), (13)(24)) (Fig. I). But, in an argument similar to the one given in 
Lemma 5.18 we can show that none of the above three situations exists. 
Hence, Array Stab A = ((12)(34)). 0 
Lemma 5.20. There exists an augmented 5-set of mols of order 9 with array 
stabilizer ((12)(34)). 
Proof. Let F = GF(3)(A), w h ere A is a root of x2 + 1 = 0. The order of F is 9. 
Define: u3(x, y) = 2hw + y, a4(x, y) =x + 2ky, and u5(x, y) =x + y, for x, y E F. 
The set A = {pI, p2, a3, a4, a5} is an augmented 5-set of mols that satisfies the 
identities of Lemma 5.2, Case 1. Again we apply an argument similar to the one 
given in Lemma 5.18 to show that Array Stab A = ((12)(34)). 0 
Theorem 5.21. If n = 4’Yq, where q is a positive integer not divisible by 2 or 3, 
and r, s E Z+ U {0}, then n is in the spectrum of ((12)(34) ). 
Proof. Use the above three lemmas with the direct product construction. 0 
We add some more integers to the spectrum by the use of the replacement 
construction. These are of special interest because some of the integers are 
divisible by three but not by nine. 
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Theorem 5.22. Zf n = 1 or 5 (mod 20), then there exists A, an augmented 5-set of 
mols of order m, such that Array Stab A = ((12)(ij)). 
Proof. Let A be the augmented 5-set of mols of Lemma 5.8 (Note: A can be 
constructed for all n = 1 or 5 (mod 20)), and let A’ be the augmented 5-set of 
mols of order 5 constructed in Lemma 5.18. Then Array Stab A’ = ((12)(34)). 
Now, use these sets in the replacement construction to get an augmented 5-set of 
mols of order II = 1 or 5 (mod 20) with array stabilizer ((12)(ik)). Cl 
Case 7. ((1)). 
Theorem 5.23. The spectrum of ((1)) contains n if and only if there exists a set of 
three mutually orthogonal latin squares of order n. 
Proof. Since orthogonality is preserved under permutations, we may assume that 
the upper left hand corners of the three orthogonal squares are as shown in 
Fig. 2. 
If the array stabilizer of an augmented set of mols is not (( 1))) then it must 
contain a C2 or a C5 (Fig. 1). 
The permutation (li)(jk) is not an element of Array Stab A. If Array Stab A 
contains (li)(jk), then (x *i y) *i y =x (Lemma 5.2, Case 3). Since (1 *3 2) *3 2 = 
4 # 1, and (1 *4 2) *4 2 = 3 # 1, i = 5. Now, (15)(jk) being an element of the array 
stabilizer implies that (x *5 y) *k y = x *j y (Lemma 5.2, Case 3). But (1 *=, 1) *3 1 = 
2 *3 1 # 1 = 1 *4 1, and (1 *5 1) *4 1 = 2 *4 1 # 1 = 1 *3 1. We know 2 *3 1 # 1 since a3 
is a latin square and 1 *1 1 = 1; by a similar argument we know 2 *4 1 # 1. 
The permutation (2i)(jk) is not an element of Array Stab A. If Array Stab A 
contained (2i)(jk), then x *k (x *i y) =x *j y (Lemma 5.2, Case 4). But 
1*3(1*41)=1#2=1*51, 
l*3(l*52)=lf2=l*42, 1*4 (1 *3 1) = 1 # 2 = 1*5 1, 
1 *4 (1*5 2) = 1 # 2 = 1*3 2, 1 *5 (1 *3 1) = 2 # 1 = 1 *4 1, and 
1*5 (1 *4 1) = 2 # 1 = 1 *3 1. 
The permutation (12)(ij) is not in Array Stab A. If (12)(ij) were an element of 
Array Stab A, then aj = a? (Lemma 5.2, Case 1). This implies ai(x, x) = aj(x, x), 
for every x, and by looking at Fig. 2 we see that this is not the case for any pair of 
tables. 
j%JI’:I 
Fig. 2. 
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The permutation (li)(2j) is not an element of Array Stab A. If (li)(2j) were an 
element of array stab A, then (x *i y) *i (x *j y) = x (Lemma 5.2, Case 2). But 
(1 *3 2) *3 (1*4 2) = 4 # 1, (1 *3 1) *3 (1 *5 1) = 2 # 1, 
(1 *4 2) *4 (1*3 2) = 3 # 1, (1 *4 1) *4 (1 *5 1) = 2 # 1, 
(2 *5 2) *5 (2 *3 2) = 2 *5 4 # 2, and (2*52)*s(2*42)=2*53#2. 
(Note in the last two cases 2 *5 4 f2 and 2 *5 3 22 since *5 is a latin square 
and 2*52=2). 
The permutation (12ijk) is not an element of Array Stab A. If (12ijk) were an 
element of Array StabA, then ej(X, y) = Ui(y, Ui(X, Y)) (Lemma 5.2, Case 6). 
Now 
1 *5 1 = 2 # 1 = 1 *3 (1 *3 l), 1*51=2#1=1*4(1*41), 
2*32=4#2=2*5(2*52), and 2 *4 2 = 3 # 2 = 2 *5 (2 *5 2). 
Thus, k = 5. Now (12ij5) being an element of Array Stab A implies that 
u~(x, Y) = Ui(Ui(X, Y), Uj(X, Y)) (Lemma 5.2, Case 6). But 
1 *5 1 = 22 1 = (1*3 1) *3 (1*4 l), and 1 *s 1 = 2 # 1 = (1 *4 1) *4 (1 *3 1). 
Hence, Array Stab A = ((1)). 0 
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